We study color confinement properties of the multi-instanton system, which is assumed to carry the essence of the nonperturbative QCD vacuum. We also investigate the feature of monopoles by taking the maximally abelian gauge considering the correspondence between the monopole and the instanton. The feature of monopole trajectories changes drastically with the instanton density. At the high instanton density, there appears one very long and highly complicated monopole loop covering the entire physical space. In order to clarify the infrared properties, we make the "block-spin" transformation for the monopole currents. The appearance of a global network of long monopole loops resembles the lattice results in the confinement phase. Furthermore, we observe that the SU(2) Wilson loop obeys the area law in the multi-instanton system. The string tension of this system directly relates with the instanton density. The multi-instanton system provides the string tension about 0.4 GeV/fm at a density of about (N/V ) = (1/fm) 4 , where the averaged instanton size isρ = 0.4 fm.
I. INTRODUCTION
Quantum chromodynamics (QCD) has been established as the fundamental theory of the strong interaction. In the ultraviolet region, perturbative QCD provides a systematic method in describing the high-energy experimental data due to the asymptotic freedom.
On the other hand, there appear various nonperturbative phenomena as color confinement, dynamical chiral-symmetry breaking and the U A (1) anomaly in the infrared region. Since the QCD vacuum is composed of gluon fields interacting in a highly complicated way, it is hard to understand these properties from perturbative points of view.
There appear two non-trivial topological objects, instantons and monopoles, which are caused by the presence of self-interactions of the nonabelian gauge field. These topological objects may provide a useful approach for descriptions of the QCD vacuum, where color confinement is realized and the chiral-symmetry is spontaneously broken. Above the critical temperature, such topological excitations disappear and then, the nonperturbative vacuum changes into the perturbative one [1] , where the deconfinement phase transition happens and the chiral-symmetry is restored.
In 1981, 't Hooft proposed the abelian gauge, where color-magnetic monopoles appear as a relevant degree of freedom for the description of color confinement [2] . In the abelian gauge, the SU(N c ) nonabelian gauge theory is reduced to the U(1) . Nambu, 't Hooft and Mandelstam suggested that the color confinement mechanism is caused by the dual Meissner effect with monopole condensation in a suitable abelian gauge, which is a dual version of Cooper pair condensation in the ordinary superconductivity [3] [4] [5] . On the other hand, because of the recent computational progress, the lattice QCD simulation becomes a powerful approach to understand the nonperturbative QCD vacuum. This method has allowed to extract some relevant degrees of freedom for characteristic features of QCD [6] - [12] . It is found by the lattice QCD that a very long and highly complicated monopole loop covers the entire physical vacuum corresponding to monopole condensation at the confinement phase. The abelian dominance, where the abelian degrees of freedom including monopoles are relevant for the nonperturbative nature, was demonstrated then by analytical and lattice studies [13, 14] . Recently, it is believed that monopole condensation plays an essential role on color confinement and chiral-symmetry breaking [15] - [17] .
The instanton configuration discovered in 1975 by Belavin, Polyakov, Shvarts and Tyupkin [18] is a classical and self-dual solution of the Euclidean field equation in the YangMills theory. The appearance of instantons corresponds to another homotopy groups, Π 3 (SU(N c )) = Z ∞ [19] , which is different from that of magnetic monopoles. In the Minkowski space, the instanton is interpreted as the tunneling phenomenon among the degenerate vacua which are labeled by different winding numbers. In order to extract the instanton from the QCD vacuum numerically, it is useful to apply a cooling technique, which minimizes the local action and removes short-range quantum fluctuations [20, 21] . In the QCD vacuum, there exist many topological objects like instantons and anti-instantons with a density about (1/fm) 4 . The instanton is important for nonperturbative phenomena related to the U A (1) anomaly [22] and the large η ′ mass. In 1979, Witten and Veneziano indicated an approximate relation between the η ′ mass and the topological susceptibility [23, 24] . Also chiral-symmetry breaking could be interpreted as the instanton effect [25] .
However, until now, there has been no evidence that instantons have anything to do with color confinement in the 4-dimensional gauge theory, although Polyakov discovered that instantons cause confinement in certain 3-dimensional Georgi-Glashow models [26] .
Recent studies show remarkable facts that instantons are directly related to monopoles [27] - [40] in the abelian gauge, although these topological objects belong different homotopy group. Such correlations indicate that instantons may be important for the promotion of long monopole loops, which is identified as a signal of monopole condensation. Therefore, we take the multi-instanton system in order to clarify monopole clustering and confinement properties in terms of instantons.
II. TOPOLOGICAL OBJECTS IN THE QCD VACUUM
In this section, we briefly review two topological objects as instantons and monopoles in the QCD vacuum.
The instanton is a classical and non-trivial solution of the Euclidean Yang-Mills theory, whose action is written as
Here, in order to make the notation and the discussion simpler, we take the SU(2) case
, which are defined as the antihermite variables. In order to find a topological solution, the Yang-Mills action is rewritten
by using the dual field strengthG µν ≡ 1 2 ε µναβ G αβ . Here, the topological charge is defined as
µν }, which corresponds to the winding number of the homotopy group,
The action is bounded by the topological charge as S ≥ 8π 2 g 2 | Q |. Then, the instanton and the anti-instanton configurations are characterized by the (anti-)self-duality condition,
which provides the action S = 
where ρ and z denote the size and the central coordinate of the instanton, respectively. The instanton solution can be rotated in color space by the color orientation matrix O. The 't Hooft symbolη bµν is defined as
On the other hand, we can obtain the anti-self-dual solution AĪ µ by replacingη bµν to η bµν ≡ (−1)
bµν . The instanton solutions have several collective modes relating to the size and the position of instanton, which are described by one and four parameters, respectively.
For pure SU(2) gauge theory, the color orientation matrix is characterized by 3 parameters as the Euler angle.
The instanton properties are investigated numerically by using a cooling procedure of the lattice QCD, which is achieved by an artificial reduction of the local lattice action.
This method allows one to eliminate short-range quantum fluctuations of gluon fields and to extract excitations like instantons effectively from the nonperturbative QCD vacuum [20, 21] . The instanton properties, e.g. the instanton size distribution and the topological susceptibility, are estimated in the cooled gauge configuration dominated by instantons and anti-instantons.
We discuss now the appearance of the QCD-monopole by taking the abelian gauge.
The abelian gauge is defined by the diagonalization of a suitable gauge-dependent variable,
In this gauge, a nonabelian gauge theory as QCD is reduced to an abelian gauge theory, and QCD-monopoles appear from hedgehog configurations of X(x). In order to understand the abelian gauge fixing and the appearance of monopoles, we consider a gauge function Ω(x) = e iθ a (x)T a ∈ SU(N c ), which diagonalizes the gauge-dependent variable
Here, λ i (x) is the i-th eigenvalue of X(x), which depends on the space-time coordinate. By such a gauge transformation Ω(x), the gauge field transforms as
In general, there remains the abelian gauge symmetry U(1) Nc−1 ⊂ SU(N c ). However, the abelian gauge fixing can not be made on the point x s which satisfies the degeneracy condition of the eigenvalue of X(x), λ i (x s ) = λ i+1 (x s ). Such a degeneracy point x s provides a monopole in the abelian sector.
We consider a pure SU(2) gauge theory in order to investigate the appearance of monopoles at degeneracy points of the gauge-dependent variable,
. Here, the two eigenvalues can be given by λ ± (x) = ± 1 2
the degeneracy point forms point-like manifold on R 3 , or line-like manifold on R 4 . By using the Taylor expansion around the degeneracy point x s , the variable X(x) is generally written as
where
variable X near the degeneracy point behaves as a hedgehog configuration,
which is a mapping w ∈ R 3 to X(w) ∈ su(2) corresponding to Π 2 (SU(2)/U(1)) = Π 1 (U(1)) = Z ∞ . The topological feature does not change by this linear transformation from x i to w a around the degeneracy point.
By using the polar coordinates w = (rcosϕsinθ, rsinϕsinθ, rcosθ), we find a gauge function Ω(w) = 1 2 In terms of the mathematical aspects of the gauge field, the monopole current k µ appears due to the singularity of the gauge transformation. In general, the field strength is defined as
which returns to the standard definition
for the regular case. Under the abelian gauge transformation Ω(x), the field strength transforms as
Since the last term is diagonal, abelian field strength is naturally obtained as
by performing the abelian projection, A
. The abelian Bianchi identity is broken due to the existence of the last term in Eq. (14) , and the magnetic current k µ (x) is obtained as
The obvious consequence of the monopole current conservation, ∂ µ k µ = 0, means that monopole currents form closed loops.
III. CORRELATION BETWEEN INSTANTON AND MONOPOLE FOR COLOR CONFINEMENT
Recently, both analytical and lattice studies found a strong correlation between instantons and monopoles in the abelian projected theory of QCD [27] - [40] .
It is easy to prove that monopoles appear around instanton centers by taking the Polyakov-like gauge, where A 4 (x) is chosen as the gauge-dependent variable X(x) [27] . The fourth component of the instanton configuration has a hedgehog configuration around the center z k of the k-th instanton,
The appearance of monopoles is caused by the existence of the hedgehog configurations near instanton centers in the Polyakov-like gauge. We can find that A 4 (x) is diagonalized by the gauge function, Ω(x) = e iτ 3 φ cos θ 2
, where φ and θ are the parameters of spherical coordinates from the instanton center, and α is an arbitrary constant. This gauge function Ω(x) can be taken as t-independent,
The gauge field is transformed as
, and this second term includes singularity A
. Therefore, the monopole world-line penetrates the center of the instanton, x µ = (z 1 , t), (−∞ < t < ∞), on the 4-dimensional space-time.
In the MA gauge, on the other hand, the correlation between instantons and monopoles is investigated both in analytical and lattice studies [32, 35] . The MA gauge is obtained by
which means that off-diagonal part of gluon fields is minimized by the gauge transformation.
Thus, this gauge fixing should result in the dominance of diagonal part. The stationary point
It is noted that self-dual solutions like instantons satisfy the stationarity condition (20) automatically, which leads the appearance of monopole currents near each instanton. This stationarity condition is not sufficient to realize the MA gauge and actually, the functional
2 ρ 2 with ρ being the instanton size in the singular gauge, which has a point singularity at the instanton center. For the instanton solution in the nonsingular gauge, there appears On the other hand, the large monopole clustering is observed in the confinement phase by using lattice QCD simulations. The very long and highly complicated monopole trajectory is identified as a signal of monopole condensation being responsible for confinement. As the temperature increases, the nonperturbative nature of the QCD vacuum changes drastically into the perturbative one at the critical temperature. At high temperature, such a long monopole loop disappears and there remain only short monopole loops.
In addition to these vacuum structures, the strong correlation between instantons and monopoles in the MA gauge motivates us to study monopole clustering and color confinement in terms of instantons. We would like to investigate the origin of the promotion of long monopole loops by using a more realistic multi-instanton system on the R 4 space. If this is the case, the instanton is expected to play a relevant role on the confinement mechanism via the promotion of long monopole loops. In order to clarify the relation of instantons with color confinement, we calculate the static quark potential in the multi-instanton system by using the Wilson loop. We concentrate on the instanton density, which may change drastically at the confinement-deconfinement phase transition of the finite temperature QCD, and would like to discuss the structure of the QCD vacuum in terms of instantons.
IV. MULTI-INSTANTON MODEL
In this section, we would like to model the nonperturbative QCD vacuum in terms of instantons. As the lattice QCD simulations suggest, the QCD vacuum is filled with many instantons and anti-instantons, and therefore it is to be modeled by the multi-instanton ensemble. First of all, we consider the partition function Z 1 inst of the single instanton as the basic ingredient of the multi-instanton theory. Using the collective coordinates, ρ, z µ , O, the single partition function is expressed as
with b = 11 3 N c . Here, f 0 (ρ) is the single instanton weight function in the one-loop approximation [44, 45] . This weight function has a scale M corresponding to the scale invariance breaking by the trace anomaly in QCD. The weight function f 0 (ρ) with N c ≥ 2 increases with the instanton size ρ, and the infrared divergence appears in Z 1 inst within the one-loop approximation, which is discussed in the multi-instanton system.
We consider now the multi-instanton system as an ensemble of single instantons. The multi-instanton partition function is given by
Here, U int is the interaction between instantons (anti-instantons) and generally depends on z n , ρ n , O n . However, we follow the standard method, where the interaction is taken to depend only the size ρ [46] [47] [48] . Therefore, we consider now the instanton size distribution
This interaction is found to be repulsive, which suppresses the appearance of large size instantons [46] [47] [48] . We regard the positions and the color orientations as random variables in our calculation.
For the small instanton, the perturbative scheme is valid and the interaction U int can be neglected. Hence, the instanton size distribution f (ρ) behaves as f 0 (ρ),
On the other hand, for the large instanton, the direct estimation of f (ρ) is very complicated due to the nonperturbative properties. However, the analytical studies and the numerical lattice calculations [49, 50] suggest a strong suppression of the large size instanton in the infrared region as
which is caused by the infrared repulsive force. The ordinary instanton liquid model suggests ν = 5 [50] . Furthermore, we try to calculate another typical case with ν = 3, where a linear confinement potential is reproduced [49] . In this case, instantons overlap each other and here, we may not have a simple form like the sum ansatz for the multi-instanton ensemble's construction. However, the infrared behavior of the size distribution in the QCD vacuum is not known until now. In our calculation, we take ν = 5 and 3 for the size distribution on large instantons.
In order to connect the two distributions smoothly, we take the size distribution as
where ρ 1 denotes the infrared size parameter and ρ 2 the ultraviolet size parameter. There two parameter is fixed by the average instanton sizeρ = 0.4 fm [43] and the normalization condition.
The above discussion amounts to use the partition function instead of (23) Z ∝
As for the gluon field A µ of the multi-instanton system, we take the sum ansatz [51] ,
which is constructed by the instanton and anti-instanton solutions in the singular gauge.
By using this ansatz, Diakonov and Petrov have suggested in the variational treatment that there appears some repulsive force at infrared region.
In actual calculations, we generate the ensemble of instantons and anti-instantons with random centers z k on the 4-dimensional Euclidean continuum space. The color orientations O k are taken randomly. The instanton sizes ρ k are randomly chosen following the size distribution f (ρ) in Eq.(26). In our model construction, the interaction among these pseudoparticles is supposed to be included effectively in the instanton size distribution f (ρ) in the simple sum ansatz.
V. MONOPOLE CLUSTERING IN MULTI-INSTANTON SYSTEM
We investigate the monopole-loop distribution in the multi-instanton system after the maximally abelian (MA) gauge fixing [37, 38] . We use a 32 4 lattice with the lattice-spacing, boxes in the 2-dimensional case as shown in Fig.2 . This procedure establishes a sufficient strength of the gluon field near the box boundary.
Now, we introduce a lattice on the multi-instanton configuration and define the link variable, U µ (s) = exp(iaA µ (s)), where A µ (s) is provided on each site from Eq.(28). We calculate the link variable by considering all the instantons in the neighboring boxes. We apply the MA gauge fixing [6] , which maximizes
here 
where the abelian angle variable θ µ (s) and c µ (s) are related with U µ (s) as
It is obvious from the expression of Eq. (29) The monopole current can be defined by using u µ (s) following DeGrand and Toussaint [52] . By using a forward derivative ∂ µ f (s) ≡ f (s +μ) − f (s) with unit vectorμ, the 2-form of the lattice formulation,
with −π <θ µν (s) ≡ mod 2π θ µν ≤ π and n µν (s) ∈ Z. Here,θ µν (s) and 2πn µν (s) correspond to the regular part and the singular Dirac string part, respectively. Since the Bianchi identity regarding the abelian field strengthθ µν (s) is broken, the monopole current k µ ( * s) can be defined on the dual site * s as
whereñ µν (s) ≡ Furthermore, we execute also a "block-spin" transformation on the dual lattice with the scale factor N. The spike appearing at small monopole-loop length is due to the numerical noise in the short distance and disappears by the "block-spin" transformation in order to emphasize the large distance physics. Here, the N 3 extended monopole is defined as
n αβ (ns + iρ + jσ)
on a sublattice with the spacing b = Na [53] . Then, we consider the extended monopole cur-
ε µναβ ∂ ν n N αβ (s +μ), in order to investigate the global networks of monopole currents, which may be identified as the signal of monopole condensation.
In order to clarify the local correlation between instantons and monopoles, we start with a very dilute instanton density (N/V ) ≪ (0.5/fm) 4 = (100 MeV) 4 , where instantons are separated completely from each other. In this situation we expect that a monopole loop prefers to shrink to a instanton center. However, on the lattice, we observe each finite monopole loop is localized around each instanton center as shown in Fig.3(a) . Such a small monopole loop is caused by finite lattice volume and lattice spacing and is numerically washed out by several numbers of "block-spin" transformation.
In the QCD vacuum, on the other hand, instantons distribute in the 4-dimensional space close to each other with a instanton density of N/V = (1/fm) 4 [1] and overlap among each other somewhat even with the repulsive interaction among them. These interaction is known to be repulsive between instanton and anti-instanton, which suppress the large size instanton. We shall take into account the repulsive interactions effectively by introducing the instanton size distribution f (ρ), which decreases rapidly with increasing the size ρ, instead of the actual interaction and generate the instanton ensemble with such a size distribution.
We investigate typical instanton density cases, (N/V ) around isolated instantons as shown Fig.3(a) . This situation provides a the peak at zero monopole length in the histogram of monopole-loop lengths as Fig.4 
(d)-(i).
As the density increases, some monopole trajectory tends to hop from one instanton to another nearby instanton as shown in Fig.3(b) and as a result, there appear long monopole loops. In the histogram, a clustering of the long monopole loops appears and grows gradually to be separated from the small monopole loop part. Here, the "block-spin" transformation clearly removes small size monopole loops and besides, combine several long monopole loops into one. This procedure is available to clarify monopole loop behaviors from the long-range view point, as can be seen in Fig.4(a)-(iii) , Fig.4(b)-(iii) , Fig.4(c) -(iii), and Fig.4(d)-(iii) .
At high instanton density, there appears one very long and highly complicated monopole loop in each gauge configuration as shown in Fig.4(d)-(iii) . The appearance of the monopole clustering over the entire physical volume can be interpreted as the Kosterlitz-Thouless-type phase transition [54] . It is noted that this system is constructed by smooth configurations 
VI. COLOR CONFINEMENT IN MULTI-INSTANTON SYSTEM
In the previous section, we have discussed that the high-density instanton system provides highly complicated monopole loops. We further work out the confining property without referring to monopole configurations in the abelian gauge. To this end, the consideration of the Wilson loop with the contour C is useful for the investigation of confinement properties directly for the multi-instanton system [55] .
If the contour C is a rectangle of dimension T by R, the Wilson loop is related to the static quark potential as V (R) = − lim T →∞ {ln W (R, T )/T }. When one uses this relation to extract the potential without the contamination of excited states, T has to be large enough compared to the distance R between quarks, T ≫ R [60] .
Hence, we want to take a large enough time T in the lattice simulations. However, when we use the periodic conditions, which were necessary to extract the color monopole currents as discussed in the previous section, we are limited to the time distance as a half of
where N t is the number of lattice in the time direction and a is the lattice unit. Therefore, we introduce a 36 4 lattice only in the center of the 4-dimensional instanton configurations, whose total volume is fixed to be V = (10 fm) 4 , without the periodic condition for the sizes, positions and color orientations of instantons as shown in Fig.8 . In order to calculate the large Wilson loop, we can take in this case T equal to the lattice size L ≃ 36 × a.
We consider the instanton ensemble with the number N = N + + N − = 10 4 in the volume (10 fm) 4 corresponding to the instanton density (N/V ) = (1/fm) 4 . In this case, we need a fine lattice of the unit a = 0.05 fm in order to justify the continuity of the link variables, which are the exponentials of the summation of instantons and anti-instantons,
We have to fix then the multi-instanton configurations. For this, we take the recent lattice studies, which provide instanton properties, the averaged instanton sizeρ, the instanton density (N/V ). In order to extract the instanton configurations we have to smooth out the smoothed QCD vacuum by using several cooling methods. DeGrand et. al. investigate a smoothing procedure based on the renormalization group equation [56] . In this SU (2) [57] . These two cooling methods provide different values about the averaged instanton size. As for the instanton size distribution, there are many efforts to extract a size distribution from the lattice configurations by various smoothing methods [56] [57] [58] . However, there is no consensus on the size distribution either. In our calculation, we take the instanton density as (N/V ) = (1/fm) 4 and the averaged instanton size 0.4 fm. These values are used in the discussion of the chiral symmetry breaking [59] . Furthermore, with these parameters we get the monopole length distribution in the range of those obtained by QCD simulation as discussed in the previous section [38] . We consider the total topological charge is zero, which means the equal numbers of instantons and anti-instantons; N I = NĪ = N/2. As used for the study of monopoles, we take the fall-off parameters of the instanton size distribution as ν = 3 and 5.
We perform 36 4 lattice simulations with the instanton configuration as discussed above.
We show the calculated results in Fig.9 extract the string tension, we shall measure the Creutz ratio We show the string tensions around R ≃ 0.8 fm as a function of the instanton density in Fig.13 and Fig.14 
VII. CONCLUSION
We have studied color confinement and nonperturbative quantities of the QCD vacuum using the multi-instanton configuration. We have made the present study by being motivated by the presence of a strong correlation between instantons and monopoles after the abelian gauge fixing in pure SU(2) gauge theory. We believe that this correlation leads to a new approach for the color confinement mechanism through monopole clustering in terms of instantons. In our calculation, the multi-instanton system is constructed by assuming the suppression of the large size instanton ρ by ρ −ν due to the infrared repulsive interaction between instantons and anti-instantons.
First, we have investigated the monopole-loop distribution in the multi-instanton system by using the maximally abelian gauge. The dilute instanton density system produces short and simple monopole trajectories. A small monopole loop is localized around each instanton, which is isolated from other instantons. If instantons are too far from each other, monopole loops disappear as the continuum limit a → 0. However, as the instanton density becomes higher, several small monopole loops combine into one very long and highly complicated monopole loop, which covers the entire physical vacuum. The appearance of long monopole loops of this system resembles that of low temperature lattice QCD which realizes color confinement though monopole condensation.
We have found that the high instanton density provides a highly complicated and long The instanton seems to be a relevant degree of freedom for the promotion of long monopole loops. Besides, such a multi-instanton system provides a liner potential up to R ≃ 1.2 fm. Although the string tension is about a half of that of the QCD vacuum, the instanton plays a important role for the linear potential among quarks in the physically interesting region. However, it is necessary to simulate the static quark potential at long distance (R ≫ 1.2 fm) using larger Wilson loop and enormous configurations in order to clarify the confinement properties up to very long distance. This desire is facing with the limit of the present computation power.
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